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ABSTRACT 

Duct acoustic problems differ sharply from the pure 

exterior problem in that the classical radiation conditions 

do not prevent wall reflections in the former as they do in 

the latter. In this paper we derive alternate boundary con- 

ditions which do prevent wall reflections, and at the same 

time can be embedded in a natural way in a Galerkin varia- 

tional formulation of the duct problem. 
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41 I n t r o d u c t i o n .  Wave p r o p a g a t i o n  problems i n  l a y e r s  s u c h  

as a r i se  i n  u n d e r w a t e r  a c o u s t i c s  differ rather sharply from 

p u r e  exterior problems i n  the types of b o u n d a r y  c o n d i t i o n s  

t h a t  are appropriate .  I n  p a r t i c u l a r ,  i n  the  layered problem 

the  n o r m a l  r a d i a t i o n  c o n d i t i o n  c a n  a n d  u s u a l l y  does lead t o  

wall  r e f l e c t i o n s .  

fo r  s t a n d a r d  f i n i t e  element and f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n s  

i n  t h e  s e n s e  t h a t  both these methods -- e i t h e r  by mapp ing  or 

by t r u n c a t i o n  -- wind  up s o l v i n g  a problem i n  a bounded r e g i o n .  

The  I t c o n d i t i o n s  a t  i n f i n i t y "  implied by these t e c h n i q u e s  

i n v a r i a b l y  leads t o  reflections.  

by r e f o r m u l a t i n g  the b o u n d a r y  v a l u e  problem as  a n  i n t e g r a l  

e q u a t i o n  ( [  1 3 ,  [ 21 ) , however  t h e  l a t t e r  has  other c o m p u t a t i o n a l  

problems s u c h  as  the need for the exact free space Green's function 

which often is difficult to obtain in variable coefficient problems. 

T h i s  creates s e r i o u s  c o m p u t a t i o n a l  problems 

T h i s  problem c a n  be a v o i d e d  



I n  t h i s  paper w e  formulate  a "general ized r a d i a t i o n  

c3:id;iition11 t h a t  on t h e  one hand prevents  wal l  r e f l e c t i o n s ,  

a:?: a t  t h e  same t i m e ,  can be incorporated i n  a n s t u r a l  way i n t o  

a Gzlerkin type v a r i a t i o n a l  formulat ion of the  problem. The 

l a t t e r  i s  used i n  t h e  p re sen t  work a s  a s t a r t i n g  po in t  f o r  a 

f i n i t e  element scheme, however t h e  v a r i a t i o n a l  p r i n c i p l e  could  

be used equal ly  w e l l  t o  d e r i v e  f i n i t e  d i f f e r e n c e  schemes. 

The basic ideas  t h a t  we use  i n  t h e  v a r i a t i o n a l  formula t ion  

of l a y e r e d  problems are a c t u a l l y  q u i t e  g e n e r a l .  Y a r i n  [3] h a s  

shcwn t h a t  they  c a n  b e  e f f e c t i v e l y  appl ied  t o  e x t e r i o r  problems, 

and a r e  a na tu ra l  way t o  blend s t a n d a r d  f i n i t e  element 

approximations with i n t e g r a l  equat ion techniques.  I n  a d d i t i o n ,  

Marin has  developed a theory  f o r  s t a b i l i t y  and accuracy of t h e  

a s soc ia t ed  approximations. 

I n  concurrent and independent work Engquist and Majda 143 

der ived  general ized outf low boundary cond i t ions  by using t h e  

Four ie r  transform i n  t he  region e x t e r i o r  to t h e  computational 

region. This also q u i t e  n i c e l y  prevents  w a l l  r e f l e c t i o n s ,  and 

i n  t h e  pure e x t e r i o r  problem, both  approaches w i l l  most l i k e l y  

g ive  s i m i l a r  resulKs. I n  t h e  layered problem, on t h e  o t h e r  

hami, t h e  u s e  of t h e  Four ie r  t ransform m i s s e s  t h e  edge or 

corner  e f f e c t s  t h a t  are  b u i l t  i n t o  o u r  p r e s e n t  a p p r o a c h ,  a n d  w e  

a n t i c i p a t e  t h a t  t h e r e  a r e  sharp  d i f f e r e n c e s  between t h e  

* 

c 

techniques.  
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$2 Mathematical Model. To f i x  ideas  w e  cons ider  an a x i a l l y  

symmetric a c o u s t i c  p o t e n t i a l  cp which s a t i s f i e s  t h e  Helmholtz 

equat ion 

2 AV + UI q =  0 

i n  Q s u b j e c t  t o  t h e  boundary cond i t ions  

= 0 on z = H ( r )  (2) ?n cp = g on r.= r q~ = 0 on z= 0, 
0’ 

(see Figure I )  where z denotes  t h e  v e r t i c a l  a x i s  and r denotes  

i-= r, 
Figure I The region n 

t h e  r a d i a l  coord ina te .  The  problem w e  a r e  address ing  is  t h e  

fol lowing.  Suppose n were t runca ted  a t  some rad ius  

r = r  t o  g ive  t h e  bounded region 
03 

What t y p e s  of boundary condi t ions  c a n  be given a t  

t h a t  w i l l  p r o h i b i t  r e f l e c t i o n s  o f f  t h i s  boundary? 

r = ra 

3 



TO g e t  some i n s i g h t  i n t o  t h i s  problem, and a t  t h e  same t i m e  

see  t h a t  t h e  normal r a d i a t i o n  condi t ion  

= iwq on r = r 
a r  00 

is n o t  always appropr ia te ,  l e t  us suppose f o r  t h e  moment t h a t  W 

is  c o n s t a n t  and  

0 = (Cr,z> 1 ro< r, 0 < z < H ) .  

Following Brekhovskikh [51 a s o l u t i o n  e x i s t s  a n d  h a s  the f o r m  

where 

with 

admit t h e  power series u+ 

(2k-1) T 

2H w =  2 2 2 
k Uk = w - Wk, J 

and X+, H- a r e  t h e  Hankel func t ions  of t h e  f i r s t  Grid second 

kind of ze ro  order .  

We recal l  t h a t  t hese  func t ions  have t h e  asymptot ic  expansions 

L 
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a s  - O D .  Thus  i f  

a l l  k k w < w  ( 5 )  

- 

H + ( r k r )  i s  e x p o n e n t i a l l y  d e c r e a s i n g  t o  zero a s  r t  co while 

H ( a  r )  i s  e x p o n e n t i a l l y  i n c r e a s i n g  t o  i n f i n i t y .  

correct s o l u t i o n  is therefore 

The p h y s i c a l l y  
- k  

w h e r e  the c o e f f i c i e n t s  {akJ + are d e t e r m i n e d  f r o m  the b o u n d a r y  

c o n d i t i o n  cp = g a t  r = r O b s e r v e  t h a t  i n  t h i s  case there  

r e a l l y  is no  problem w i t h  the b o u n d a r y ,  a n d  a n y  c o n d i t i o n  t h a t  

0' 

p r e c l u d e s  unbounded s o l u t i o n s  is satisfactory. 

I n  the  p h y s i c a l l y  m o r e  i n t e r e s t i n g  case w h e r e  ( 5 )  f a i l s  fo r  

s o m e  va lues  of k, t h e  s i t u a t i o n  is c o m p l e t e l y  d i f f e r e n t .  

Suppose fo r  t he  moment t h a t  

w 1 < w  < w 2  

If we  view cp as  a r i s i n g  from the  wave e q u a t i o n ,  i . e . ,  

(7) 

where 

5 



I then t h e  t e r m  

H ( a  r ) s i n  w z + 1  1 

is  a s s o c i a t e d  with a wave moving t o  t h e  r i g h t  whi le  

H (0 r ) s i n  wlz - 1  

is a s s o c i a t e d  w i t h  a wave moving i n  t h e  oppos i t e  direct ion.  

Both of t h e s e  t e r m s  are damped l i k e  

and t h e  o t h e r  terms are e i t h e r  decreas ing  exponen t i a l ly  t o  

ze ro  or  a r e  unbounded a s  r t 03. Thus t h e  s o l u t i o n  t h a t  

r e p r e s e n t s  only outgoing waves a t  r = r is  again ( 6 ) .  
00 

The important po in t  t o  make is t h a t  t h i s  s o l u t i o n  is not 

determined by the r a d i a t i o n  cond i t ion  ( 3 ) ,  and i n  f a c t ,  t h e  
- 

and hence a r e f l e c t e d  al l a t t e r  w i l l  y i e l d  nonzero values  of 

wave 

w i l l  be added t o  cp+. 

Observe t h a t  t h e  cond i t ion  

6 



(plus b o u n d e d n e s s )  w i l l  g e n e r a t e  the  correct s o l u t i o n  when (7 )  

holds. However, i f  

UJ < ... < GJ. < w <  W j + l  
3 

for some j 2. 2 ,  t h e n  (8) i s  no  better t h a n  ( 3 )  i n  t h e  s e n s e  t h a t  

it will add spurious reflections 

- 
a H ( o l r ) s i n  w1 z + ...+ a- H ( 0 . r ) s i n  U . Z  1 -  j - I  1 

t o  t he  p h y s i c a l l y  correct s o l u t i o n  

+ + 
I a, H + ( a ; r ) s i n  W, 2 + ... + a H + ( c . r )  s i n  W z, 

I I j 3 j 

What is n e e d e d  then is  a g e n e r a l i z e d  r a d i a t i o n  c o n d i t i o n  

t h a t  w i l l  p r e v e n t  r e f l e c t i o n s  i n  those cases w h e r e  w e  c a n n o t  

s o l v e  t he  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  e x a c t l y  ( i . e . ,  i f  w 

w e r e  n o t  c o n s t a n t  o r  i f  Q were n o t  a r e c t a n g l e .  
A 

One way t o  a p p r o a c h  t h i s  problem is l e t  W be v a r i a b l e  
A A 

i n s i d e  Q b u t  assume t h a t  it is c c n s t a n t  o n  SI - SI ,  a n d  a s s u m e  

that Q - 0 i s  r e c t a n g u l a r  as i n  F i g u r e  11. I n  this case the 
h 

. desired s o l u t i o n  has t h e  r e p r e s e n t a t i o n  

i 
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00 

cp(r ,Z)  = C a H ( 0  r ) s i n  wkz k + k  k= 1 

for r 2 rm where  t he  c o e f f i c i e n t s  ak are  re la ted  t o  t he  

(unknown) v a l u e s  of cp(rmJ z )  by 

Thus  

w h e r e  

2 a = a,(@ = 
k H+ ( O k r a  ) 

?", = T(q) ;\r 

00 

i 
J dz r p ( r m , z ) s i n  W k z (11) 
-0 

The b o u n d a r y  v a l u e  problem is  t h e n  t o  s o l v e  (1) i n  fi s u b j e c t  t o  

~3 = g o n  I?= I ' :  

= 0 on t h e  top  w a l l  a n d  cp = 0 o n  the bottom w a l l  w i t h  ( 1 2 )  
a n  
b e i n g  the  o u t f l o w  c o n d i t i o n  a t  r = roo. 

i 
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Figure 11 The t r u n c a t e d  region n 
Observe t h a t  t h e  l a t t e r  is a l lnonlocall l  boundary c o n d i t i o n  

i n  t h e  s e n s e  t h a t  it couples  

. 
a t  any p o i n t  z with  the  v a l u e s  of q ( r m , . )  a t  a l l  o t h e r  

p o i n t s  on r = I: . However, a s  we s h a l l  shcw i n  t h e  next  s e c t i o n  

t h i s  does n o t  s e r i o u s l y  a f f e c t  t h e  computational p r c p e r t i e s  of 

a Galerk in  - f i n i t e  element formulation of this problem. 

00 

For high  frequency problems where 

our boundary cond i t ion  ( 1 2 )  i s  very  c l o s e  t o  t h s  c l a s s i c a l  

. r a d i a t i o n  cond i t ion  ( 3 ) .  Indeed, suppose i n  a d d i t i o n  t o  (14)  

t h a t  CJ is  not near a c r i t i c a l  va lue  LL! so k 

9 



for all r e a l  uk. Then 

Thus 

where 

N v T(cp) = C 0 a (cp) H + ( a k r ) s i n  wkz = j% 2 % s i n  i ~ i  k z (15) 
k k k  k 

This  means that 

- 4- Ok - ui f o r  those k f o r  which whenever 

ak > 0. 

cond i t ion  ( 2 )  as w .-) a. 

That is, (12) reduces t c  t k  s tandard  r a d i a t i o n  

10 



$ 3  A V a r i a t i o n a l  F o r m u l a t i o n .  To r e f o r m u l a t e  o u r  b o u n d a r y  

v a l u e  problem ( ( 1 ) - ( 2 ) ,  ( 1 2 ) )  i n  a v a r i a t i o n a l  f o r m  w e  u s e  the 

c l a s s i c a l  G a l c r k i n  ideas .  Tha t  is ,  w e  m u l t i p l y  (1) by a t e s t  

f u n c t i o n  $ a n d  i n t e g r a t e  o v e r  n, t o  get 
A 

U s i n g  G r e e n ’ s  Theorem on the  : f i r s t  - t e r m  g ives  

D e n o t i n g  t h e  l i n e  r = r b y  roo a n d  r e q u i r i n g  t h a t  3 
s a t i s f y  

00 

i b = O  o n  r = r  0’ $ = O  o n  Z = O  

w e  o b t a i n  

A p r e c i s e  s t a t e m e n t  of t h e  v a r i a t i o n a l  p r i n c i p l e  is  g i v e n  

be low. 

11 



P r o b l e m  VP. F i n d  a f u n c t i o n  cp w i t h  s q u a r e  i n t e g r a b l e  

g r a d i e n t  s a t i s f y i n g  

I o n  r = r  c P = g  0 

c p = o  o n  z = O  

i 

a n d  f o r  which (17)  i s  t r u e  for all Q ( w i t h  s q u a r e  i n t e g r a b l e  

g r a d i e n t )  s a t i s f y i n g  ( 1 6 ) .  

O b s e r v e  t h a t  

= o o n  z = ~ ( z )  
a n  

?o=  T W  o n  rm and 
a* 

are n a t u r a l  boundary c o n d i t i o n s  i n  t h i s  f o r m u l a t i o n .  

T o  a p p r o x i m a t e  the  s o l u t i o n  cp of t h i s  p r o b l e m  we i n t r o d u c e  

a f i n i t e  d i m e n s i o n  s p a c e  Sh and  l e t  Sh be t h z  s u b s p a c e  of 

f u n c t i o n s  5 E Sh s a t i s f y i n g  ( 1 6 ) .  I n  a d d i t i o n  w e  se lect  a 

0 

E Sh w h i c h  a p p r o x i m a t e s  g on r = r . Then o u r  a p p r o s i m a t e  'h 0 

problem is the f o l l o w i n g .  
h P r o b l e m  AVP. F i n d  a c+ E S s u c h  t h a t  

o n  r = r  - can - 'h 0 

cph=o o n  z = O  

12 
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and  s u c h  t h a t  

. 

h a ( % , &  ) = o 

A s  u s u a l  t h i s  f o r m u l a t i o n  is e q u i v a l e n t  t o  a system of 

has b e e n  selected h 
l i n e a r  e q u a t i o n s  o n c e  a basis 91' * * * 5  CPN 

E S: we h a v e  h 
'41 - 'h for So. I n d e e d ,  s i n c e  

. T h e  l a t t e r  are  d e t e r m i n e d  by qN fo r  some weights  q1J ..., 
(22), i .e. ,  

for j = 1, ..., N, or w h a t  is the s a m e  

Kq = gJ 

where t h e  ( j , k )  e n t r y  o f  K is 

f 
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h 
The f u n c t i o n  T(%) comes f r o m  t he  g e n e r a l i z e d  r a d i a t i o n  

c o n d i t i o n  ( 1 2 )  , t h u s  

m 

w h e r e  

h 2 f d z ( % ( r m , z ) s i n  h W g z  (25) 
a&(%) = H m H + ( c L r c o )  J 

0 

O b s e r v e  t h a t  the exact e v a l u a t i o n  of t he  t e r m  

i n  ( 2 3 )  r e q u i r e s  t h e  summation of t h e  series c 

w h e r e  

a n d  

I’ 
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h a v e  s q u a r e  h S i n c e  t h e  f u n c t i o n s  cpk i n  t h e  basis for So 

in tegrable  g r a d i e n t s  a n d  v a n i s h  a t  z = 0, it f o l l o w s  t h a t  . 

S i n c e  

T h i s  i s  a s u f f i c i e n t l y  f a s t  c o n v e r g e n c e  so t h e  series c a n  be 

summed w i t h o u t  a p p r e c i a b l e  c o m p u t a t i o n a l  e f fo r t .  

S, = O ( . f ) ,  the t e r m s  i n  the  series are of order O w 3 ) .  

However, f o r  the special  c o n f i g u r a t i o n  used  here it i s  

n c e s s a r y  t o  r e t a i n  o n l y  t h o s e  t e r m s  i n  t h e  series e x p a n s i o n  of 

T w h i c h  c o r r e s p o n d  t o  v a l u e s  of t h e  i n d e x  4 a t  w h i c h  

I n d e e d ,  l e t  u s  d e n o t e  t h i s  t r u n c a t e d  v e r s i o n  of T by TA 

and ,  for p u r p o s e s  of i l l u s t r a t i o n ,  s o l v e  t h e  p r o b l e m  f o r  t h e  

- H~ w i t h  - = TA(p) on rm case of the  f l a t  t o p ,  i . e . ,  z = H ( r )  = 

Tr. d o i n g  so  w e  find t h a t  the e r ror  i s  g i v e n  by 

aa 
an 

w h e r e  t h e  b ' s  a re  t h e  F o u r i e r  c o e f f i c i e n t s  of t h e  d a t a  g i v e n  

on r = r and  +( r )  i s  g i v e n  by 
k 

0 
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U s i n g  t h e  a s y m p t o t i c  e x p a n s i o n s  ( 4 )  a n d  s imi l a r  e x p a n s i o n s  f o r  

the d e r i v a t i v e s  of the H a n k e l  f u n c t i o n s  we may c o n c l u d e  t h a t  

f o r  roo s u f f i c i e n t l y  l a rge  and  f o r  ro 2 r 2 ro3 (we have used 

the f a c t  t h a t  ak = i l a k /  f o r  k 2 N + 1).  Thus ,  f o r  a f ixed  

number of t e r m s  i n  

f u n c t i o n  of r . 
t h e  e r r o r  decays e x p o n e n t i a l l y  a s  a 

TA’ 

a0 

. 
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$4 N u m e r i c a l  experiments.  The n u m e r i c a l  r e s u l t s  r e p o r t e d  

i n  t h i s  s e c t i o n  u s e d  

for  t h e  t o p  b o u n d a r y  and 

The space Sh c o n s i s t s  of p i e c e w i s e  l i n e a r  f u n c t i o n s  o n  a 

dis tor ted t r i a n g u l a r  g r id  whose n o d a l  p o i n t s  are a t  

r j4  = r + j h ( r a - ro )  
0 

) 
z j A  = Lh 

for  j, 4 = 1, ..., l / h .  

The f i r s t  set  of e x p e r i m e n t s  dea ls  w i t h  a f l a t  t o p  w h e r e  

s = 0. 

r = 1, ro3 = lo, H~ = 1 
0 

(The exact s o l u t i o n  cp i n  t h i s  case i s  

cp(r,z) = H ( O l r )  s i n  W z + 1 

i 
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% as F i g u r e  1 c o n t a i n s  a p l o t  of the a p p r o x i m a t e  s o l u t i o n  

a f u n c t i o n  of r f o r  v a r i o u s  v a l u e s  of z a n d  

- Wh = 1, 1/2,  1/4 ( 3 0 )  

w i t h  = 3.  The s e c o n d  order c o n v e r g e n c e  is q u a l i t a t i v e l y  clear 

f r o m  t h i s  f i g u r e ,  and  w a s  c o n f i r m e d  q u a n t i t a t i v e l y  b y  the authors 

by  d i rec t  c o m p u t a t i o n  of the error cp - %. 
O b s e r v e  t h a t  f o r  the parameters (28) 

h e n c e  

w 1 < w < w ,  

f o r  = 3 .  A c c o r d i n g l y  only o n e  term ir! the  power series 

e s p a n s i o n  f o r  T(') was u s e d  i n  t he  c o r p u t a t i o n  of %- 

F i g u r e  2 c o n t a i n s  t he  a n a l o g o u s  r e s u l t s  for = 6 w h e r e  

W 2 < u  < w 3 ,  

except  t h a t  

W h  = 2 ,  1, 1/2. 

Two terms w e r e  used i n  T ( - )  f o r  t h i s  

of %. 
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i n  the c o m p u t a t i o n  



F i g u r e s  3 a n d  4 c o n t a i n  p l o t s  of t h e  d i f f e r e n c e  

h 
C P -  % 

b e t w e e n  ~ 4 1  and  the  s o l u t i o n  &, w i t h  t h e  c l a s s i ca l  r a d i a t i o n  

b o u n d a r y  c o n d i t i o n  ( 3 )  f o r  = 3 a n d  W = 6. The  d i f f e r e n c e  

r ep resen t s  w a l l  ref lect ions i n  '41 and is  less severe for  h 

w = 6 t h a n  f o r  w = 3.  The reason for  t h i s  w a s  pointed o u t  

i n  S e c t i o n  2 w h e r e  it w a s  noted t h a t  t h e  g e n e r a l i z e d  r ad ia t ion  

c o n d i t i o n  approached t h e  c l a s s i ca l  r ad ia t ion  c o n d i t i o n  a s  w 4 m .  
. .  

The n e x t  se t  of experiments dea l s  w i t h  a curved  t o p  

z = H ( z )  w i t h  H g i v e n  by (26)  w i t h  

01 = .25, /3 = 1.26 ( 3 2 )  

F i g u r e  5 c o n t a i n s  p l o t s  of % as a f u n c t i o n  of r f o r  v a r i o u s  

values of 

for u; = 3 a n d  Gh g i v e n  b y  ( 3 0 ) .  A l t h o u g h  t h e  exact  s o l u t i o n  

is n o t  known i n  t h i s  case, t h e  f i g u r e s  i n d i c a t e  s e c o n d  order  

c o n v e r g e n c e .  The a n a l o g o u s  r e s u l t s  fo r  a = 6 are  p lo t ted  i n  

F i g u r e  6, a n d  F i g u r e s  7 a n d  8 c o n t a i n  p lo t s  of the d i f f e r e n c e  

i 
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I n  t h e  f i n a l  f i g u r e  we i l l u s t r a t e  t h e  i m p o r t a n c e  of h a v i n g  

t h e  cor rec t  number of t e r m s  i n  T ( - ) .  I n  p a r t i c u l a r ,  F i g u r e  9 

contains a p l o t  of t h e  d i f f e r e n c e  

fo r  u) = 6 a n d  a c u r v e d  top,  where d') i s  t h e  approximate 

s o l u t i o n  w i t h  .L t e r m s  i n  T(*). F o r  W = 6 o n e  t e r m  i s  n o t  

s u f f i c e n t  s i n c e  

used i n  T( . )  . W e  a l s o  computed  

w2 < w < w3 r e q u i r e s  t h a t  t w o  t e r m s  s h o u l d  be 

a n d  there  w a s  no detectable d i f f e r e n c e ,  w h i c h  reflects t h e  f a c t  

t h a t  t h e s e  e x t r a  terms a re  e x p o n e n t i a l l y  s m a l l .  

i 
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F i g .  1 A .  w = 3 ,  CY =0, real part o f  +,, 
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Z =  l /3 

Fig.  1 B. w = 3 ,  a =0, imaginary par t  of  +,, 
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Fig. 2 A .  w = 6 ,  c2 =0, real par t  o f  + h  
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Fig. 26. w = 6 ,  a = 0, imaginary part  of &, 
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Fig.3A. The di f ference (311, w = 3 ,  a = O ,  z = l / 3 ,  

solid l ine  i s  rea l  part 
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Fig.3B.  T h e  di f ference (311, w =  3, a = O ,  z =  2 / 3  

solid l ine  i s  r e a l  p a r t  

# 
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Fig. 3C. The d i f f e rence  (31) ,  w = 3, Q = 0, z = 1 ,  
solid l ine  i s  rea l  p a r t  
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T h e  d i f ference (311, w 
solid - l ine  i s  rea l  p a r t  

= 6 ,  a = O ,  z = 2 / 3 ,  

. 
Fig. 4B.  
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Fig. 4 A .  The d i f f e r e n c e  (311, 
solid l ine i s  r e a l  p a r t  

w = 6 ,  a = 0, z =1/3,  
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is r e a l  p a r t  

Fig.  4C. 

31 



.-- . . 

Y = l / 3  - 113 
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1-213 

Y = l  

Fig. 5 A .  w = 3, curved  t o p ,  real p a r t  o f  +,, 

. 
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Y =  1 

Fig. 5B. w = 3 ,  curved top, imaginary part of + h  
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Fig. 68. w = 6, curved top, imaginary part  of + h  

. 

35 



a 0 6  

Fig. 7A. The d i f f e r e n c e  (31 1, 
solid l ine i s  r e a l  p a r t  
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w = 3, c u r v e d  top,y= 1/3, 
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Fig.7B. The di f ference (311, w = 3, c u r v e d  top, y=2/3, 
sol id  l ine  is  real  p a r t  
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Fig.7C. T h e  d i f f e r e n c e  (31), o = 3 ,  curved top, y =  1, 
s o l i d  l i n e  i s  r e a l  p a r t  
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Fig. 8A. T h e  di f ference (311, w =6, curved top, y =1/3, 
solid l ine  i s  rea l  p a r t  
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I Fig. 8B. The d i f f e r e n c e  (311, w = 6 ,  curved top, y-2/3,  
al p a r t  

. 
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Fig. 8C.  The d i f ference (31 1, w = 6, curved top, y = 1 ,  
solid l ine is r e a l  par t  
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Fig. 9 A .  T h e  d i f f e r e n c e  ( 3 3 ) ,  w = 6, 
sol id  l i n e  i s  r e a l  p a r t  
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Fig. 9B. The difference (331, w = 6 ,  curved top, 
sol id line is real part 

Y 213, 
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Fig. 9C. The d i f f e r e n c e  (33), o = 6 ,  curved top, y = 1 ,  
solid l i n e  i s  r e a l  p a r t  
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